Abstract. We study a version of no arbitrage condition in a simple model with general transaction costs. Our condition is equivalent to the existence of an equivalent martingale measure.
2. The model. Consider a probability space (Ω, F, P ), a filtration (F t ) t=0,...,T and a nonnegative, adapted price process of one stock (S t ) t=0,...,T , where
∈ L 1 t . Assume that a function η : R → R describes transaction costs as follows:
• if y > 0 then η(y) is the amount of money obtained from selling y worth of stock, • if y < 0 then −η(y) is the amount of money necessary to buy −y worth of stock.
Furthermore it is reasonable to assume that the following conditions are satisfied: η(0) = 0, ∀ x,y∈R η(x) + η(y) ≤ η(x + y) (superadditivity), ∃ α>1 ∀ x>0 0 < η(x) ≤ x ∧ −η(−x) ≤ αx. Our market position at every moment is defined by an ordered pair of real numbers (x, y). The numbers x, y denote respectively the amount of cash the investor possesses and the value of stocks in his portofolio. By strategy we will understand an adapted process (m t ) t=0,...,T −1 , which is interpreted as the value of stocks the investor purchases at time t. Let us introduce the following notation:
Definition 1. We shall say that there exists an arbitrage opportunity or an arbitrage at time t ∈ {1, . . . , T } if for some integrable F t−1 -measurable random variables X, Y such that
Definition 2. We shall say that there exists an arbitrage opportunity or an arbitrage in the interval [0, T ] if for some F 0 -measurable random variables
where H T is the investor's market position at time T , i.e.
Our main result is the following. 
. , T } then:
(a) there is a measure Q ∼ P (equivalent to P ) such that
It is natural to expect that (a) implies the lack of arbitrage at any time. We prove this as Theorem 3.1.
Proof of the main results
Proof of Theorem 2.1. First we prove (a). Assume the absence of arbitrage at every time t, i.e.
It follows that
Indeed, if there were a set A such that for instance P (A ∩ {ξ t ≥ 0}) > 0 then for X, Y ≡ −η(I A ), I A one would have an arbitrage opportunity at time t.
Set D n = S n − S n−1 . The existence of the required measure will be proved inductively. We will show that for every n < T there is a measure P n satisfying
Set P 0 = P and note that the foregoing holds true for n = 0. Assume that for some n < T there is such P n ∼ P .
We shall prove that
is nonzero on A with positive probability. Set
It is not hard to notice that P (A ∩ {D n+1 > 0}) > 0 and by (1) also
Let us define a function ϕ n : Ω → R as follows:
where the functions X and Y solve the following system:
and are unique almost surely on {D n+1 = 0}. Let the measure P n+1 be defined by dP n+1 = ϕ n · dP n . Since clearly ϕ n > 0, we conclude that P n+1 ∼ P n ∼ P .
Notice that
We now show that P n+1 satisfies condition (2). If k = n, then
by inductive assumption. In this way, after T steps, a measure Q = P T is obtained such that Q ∼ P as well as
Now we prove (b). Let
Then we have two possibilities:
In the first case there is clearly an arbitrage opportunity at time t 0 . In the second case consider the following sets: 
Proof. Assume that there exists a measure Q as above. The process D t and hence also ξ t must satisfy condition (1). Indeed, if for example
t<T be a strategy. It will be shown inductively that for every 0 ≤ t ≤ T the following alternative is true:
Assume that the foregoing is true for some t < T .
If X t + η(Y t ) = 0 then one of the following is true:
In case (a) by (1) either ξ t = 0 on A = {Y t + m t < 0} or P (A ∩ {ξ t > 0}) > 0. In the former case we have
almost surely on A, and in the latter
with positive probability on A. Case (b) can be treated similarly, and (c) is obvious. If X t + η(Y t ) < 0 the same considerations as in cases (a)-(c) lead to the conclusion that
This completes the induction.
Final remarks.
Once we have Theorems 2.1 and 3.1, the following question arises almost immediately. Does an arbitrage opportunity at one particular time imply arbitrage in the whole interval? A simple counterexample yields a negative answer. It is sufficient to consider Ω such that #Ω = 2 and ξ 1 = 1, 0.5 , ξ 2 = 1, 0 , η(x) = 3x. There is clearly an arbitrage at t = 1 but no possibility of making a profit without risk when F 0 = {∅, Ω}.
In [P2] Piasecka studied some particular cases of transaction costs and obtained equivalence of the existence of arbitrage in a given step and the existence of arbitrage in the whole interval. The key assumption was that ξ t were i.i.d. and P ({ξ t = 0}) = 0. The latter seems unnecessary and we think it could be simply omitted.
A different definition of arbitrage opportunity was introduced by Pham and Thouzi in [PT] . They accepted only those starting positions in arbitrage strategy which could be "bought" from (0, 0). In that case there is no arbitrage possibility for some markets without a martingale measure.
